Results
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The visual stimuli for our experiment were multiple exemplar images belonging to each 33 of the 17 wallpaper groups, generated from random-noise textures, as described in detail 34
elsewhere [10] . To isolate brain activity specific to the symmetry structure in the images 35 from activity associated with modulation of low-level features, we used a steady-state 36 design, in which exemplar images belonging to 16 of the 17 wallpaper groups alternated 37 with phase-scrambled images of the same group. Because all wallpapers are periodic 38 images due to their lattice tiling structure, the phase-scrambled images are also a 39 wallpaper group (P1). P1 contains no symmetries other than translation, while all other 40 groups contain translation in combination with one or more of the other three 41 fundamental symmetries (reflection, rotation, glide reflection) [8] . 42
Exemplars from each of the 16 groups alternated at 0.83 Hz with their 43 corresponding set of P1 exemplars, that were matched in terms of their Fourier power 44 spectrum. Because the P1 group serves a control stimulus in this approach, the 45 experiment was restricted to the remaining 16 groups. This design allows us to isolate 46 responses to structural features beyond the shared power spectrum, including any 47 symmetries other than translation, in the odd harmonics of the image update 48 frequency [10] [11] [12] . Thus, the magnitude of the odd harmonic response components can be 49 used as a distance metric for each group, with distance being measured relative to the 50 simplest group, P1. 51 A wallpaper group is a topologically discrete group of isometries of the Euclidean 52 plane, i.e. transformations that preserve distance [8] . Wallpaper groups differ in the 53 number and kind of these transformations. In mathematical group theory, when the 54 elements of one group is completely contained in another, the inner group is called a 55 subgroup of the outer group [13] . Subgroup relationships between wallpaper groups can 56 be distinguished by their indices. The index of a subgroup relationship is the number of 57 cosets, i.e. the number of times the subgroup is found in the outer group [13] . As an 58 example, let us consider groups P6 and P2. If we ignore the translations in two directions 59 that both groups share, group P6 consists of the set of rotations {0º, 60º, 120º, 180º, 240º, 60 300º}, in which P2 {0º,180º} is contained. P2 is thus a subgroup of P6, and the full P6 setcan be generated by every combination of P2 and rotations {0º, 120º, 240º}. Because P2 62 is repeated three times in P6, P2 is a subgroup of P6 with index 3 [14] . 
71
The subgroup relationships among the 16 wallpaper groups, as identified by 72
Coxeter & Moser [9] are shown as directed graphs in Figure 1 . In a few cases, two groups 73 are subgroups of each other. This is the case for three pairs of groups: PM-CM, PMM-74 analysis described below, as was the subgroup relationship that each group has with 76 itself [9] . Note that subgroup relationships with indices of 8 or more (4 in total among the 77 16 wallpaper groups) were also excluded from the analysis and Figure 1 . This resulted in 78 a total number of 60 relationships (shown with connecting arrows in Figure 1) . Although 79 the subgroup relationships are not always obvious perceptually, they provide an objective 80 hierarchy among the wallpaper groups that can be compared to the brain data. Figure S1 shows the location on the scalp of the six-electrode 88 occipital ROI, as well as the location of a second six-electrode ROI over parietal cortex. Supplemental 89 Figure S2 shows analogous waveforms in which the even harmonics have been isolated, and Supplemental 90 Figure S3 shows the odd harmonics from the parietal cortex ROI. While the odd harmonics over occipital 91 cortex display differ strongly in their amplitude for each group, this is much less evident in the even 92 harmonics, and in the odd harmonics over parietal cortex.
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We acquired EEG from 128 electrodes in 25 participants, who each did 16 trials, 95 each with a duration of 12 seconds, of each of the 16 wallpaper groups. This resulted in a 96 total of 256 trials (~51 minutes of data) per participant, which were collected in two 97 separate sessions. After preprocessing, we Fourier-transformed the data and separated the 98 odd and even harmonics, before back-transforming the data into the time-domain. In the 99 following analysis, we focused on the symmetry-specific odd harmonics averaged within 100 a six-electrode region-of-interest (ROI) over occipital cortex, but we also did control 101 analyses using the even harmonics from the occipital ROI and using the odd harmonics 102 from a six-electrode ROI over parietal cortex. 103
We made contact between the subgroup relationships from group theory and the 104 symmetry-specific brain responses using a straightforward approach. After averaging 105 waveforms over the ROI, we computed the root-mean-square (RMS) over time for each 106 participant's data. This provided a single number capturing the amplitude of the SSVEP 107 for each group. Odd-harmonic waveforms averaged over participants, for each of the 16 108 wallpaper groups, are shown in in descending order by RMS magnitude in Figure 2 , 109 along with exemplar images that were used in the experiment. For each subgroup 110 relationship, we tested if the RMS was smaller for the subgroup than the outer group, for 111 each of our 25 participants. If this was true for a significant number of participants, we 112 concluded that this subgroup relationship was preserved in the brain data. The RMS 113 metric was thus used as a means of establishing the partial ordering of the neural 114 responses to the wallpaper groups, which could then be compared with the partial 115 ordering based on subgroup relationships from group theory. We determined significance 116 as a cumulative binomial probability, reasoning that for each participant the RMS could 117 either be smaller for the subgroup or not, given us 50% chance of success. This resulted 118 in a threshold for significance of 18 or more participants out of 25 (p < 0.022), but we 119 also applied a stricter criterion of 20 or more participants (p < 0.002).The brain data preserved 53 out of 60 subgroup relationships in a significant 121 number of participants at the liberal threshold (88.3 %; darker dotted line in Figure 3 ). 49 122 out of 60 relationships (81.6%) were preserved the brain data of enough participants to 123 reach the stricter criterion for significance (lighter dotted line in Figure 3 ). To provide a 124 measure of how consistently the subgroup relationships were preserved in individual 125 participants, we can report the average number of participants for whom the relationships 126 were preserved, across a set of relationships. For the set of all 60 subgroup relationships, 127 the relationships were preserved in 21.6 out of 25 participants on average. We conclude 128 that most subgroup relationship are preserved in the brain data of most participants. 129
The correspondence between brain data and subgroup relationships was specific 130 to the odd harmonics in occipital cortex. For the even harmonics in the occipital ROI, 131 only 18 out of 60 (30 %) relationships were preserved in a significant number of 132 participants (at p < 0.022; see Supplemental Figure 4 ). For the odd harmonics in the 133 parietal ROI, only 8 out 60 (13.3 %) relationships were preserved in a significant number 134 of participants (at p < 0.022; see Supplemental Figure 5 ). Furthermore, the even 135 harmonics and parietal ROI did not add any information: Any relationship that was 136 significant in the even harmonics over occipital cortex or in the odd harmonics over 137 parietal cortex, was also significant in the odd harmonics over visual cortex. This 138 confirms that our experimental design can isolate symmetry-specific responses in the odd 139 harmonics and shows that the hierarchical structure of the subgroup relationships is 140 preserved by visual cortex. 141
Subgroup relationships can be either normal and not-normal[14] (shown 142
separately in Figure 1 ). Normal and not-normal subgroup relationships appeared to be 143 preserved about equally well, with significance rates of 90.4 % (38 of 42) and 83.3 % (15 144 of 18), respectively. Normal subgroups were preserved in 21.8 participants on average, 145 while not-normal were preserved in 20.9 participants on average. The different subgroup 146 indices also lead to similar preservation rates, with perhaps slightly worse performance 147 for index 3 (see Figure 3) . 148 
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Number of participants for which a given subgroup relationship was preserved in the odd harmonics in the Figure S4 shows the analogous plot for the even harmonics in the same ROI, and
156
Supplemental Figure S5 shows the analogous plot for the odd harmonics from the parietal cortex ROI. Are some wallpaper groups better characterized as outer groups or subgroups? 158
The outer group that produced highest preservation rate was P4M, for which all 9 159 relationships were preserved in a significant number of participants (average number of 160 participants: 24.2). The outer group that produced lowest preservation was P2, whose 161 single relationship (with subgroup PG) was only preserved in 10 participants, not enough 162 to reach significance. P4G also had relatively low preservation, only 4 of its 6 outer 163 group relationships reached significance (average number of participants: 17.2). All 164 relationships in which PGG (6 of 6) or P3 (3 of 3) were subgroups were significantly 165 preserved, in 23.8 participants on average (P6 and P4G also had high preservation, 24 of 166 25 participants, but only one relationships in which each was the subgroup). PMM was 167 the subgroup that produced the poorest preservation rates, with 1 of 3 relationships 168 reaching significance, and an average number of participants of 15. preserves the complex hierarchy of subgroup relationships among the wallpaper 177 groups [9] . Out of a total of 60 relationships, 53 were preserved in a significant number of 178 participants, and 49 were significant even at a stricter threshold (p < 0.002). The ordering 179 was highly stable in individual participants, with an average preservation rate of ~21 of 180 25 participants across all 60 relationships (see Figure 3) . 181
This remarkable consistency was specific to the odd harmonics of the stimulus 182 frequency, that capture the symmetry-specific response [10] and to electrodes in an ROI 183 over occipital cortex. When the same analysis was done on the even harmonics of the 184 occipital cortex ROI, the ordering of responses was much less apparent (see Figure S2 ) 185 and preservation rates much lower (see Figure S4 ). The odd harmonics from electrodes in 186 an ROI over parietal cortex, showed even weaker evidence of preserving the hierarchy 187 among sub-groups (see Figure S5) . Importantly, no relationships were preserved in eitherof these control analyses that were not also preserved in the main analysis of the odd 189 harmonics in the occipital cortex ROI. 190 The current data provide a complete description of the visual system's response to 191 symmetries in the 2-D plane. Our design does not allow us to independently measure the 192 response to P1, but because each of the 16 other groups produce non-zero odd harmonic 193 amplitudes (see Figure 2) , we can conclude that the relationships between P1 and all 194 other groups, where P1 is the subgroup, are also preserved by the visual system. 195
The subgroup relationships are not obvious perceptually, and most participants 196 had no knowledge of group theory. Thus, the visual system's ability to preserve the 197 subgroup hierarchy does not depend on explicit knowledge of the relationships. to assign exemplar images to the appropriate group [17] . 201
The correspondence between responses in the visual system and group theory that 202 we demonstrate here, may reflect a form of implicit learning that depends on the structure 203 of the natural world. The environment is itself constrained by physical forces underlying 204 pattern formation and these forces are subject to multiple symmetry constraints [18] . The 205 ordered structure of responses to wallpaper groups could be driven by a central tenet of 206 neural coding, that of efficiency. If coding is to be efficient, neural resources should be 207 distributed in such a way that the structure of the environment is captured with minimum 208 redundancy considering the visual geometric optics, the capabilities of the subsequent 209 neural coding stages and the behavioral goals of the organism [19] [20] [21] [22] . Early work within 210 the efficient coding framework suggested that natural images had a 1/f spectrum and that 211 the corresponding redundancy between pixels in natural images could be coded 212 efficiently with a sparse set of oriented filter responses, such as those present in the early 213 visual pathway [23, 24] . Our results suggest that the principle of efficient coding extends 214 to a much higher level of structural redundancy -that of symmetries in visual images. 215
The 17 wallpaper groups are completely regular, and relatively rare in the visual 216 environment, especially when considering distortions due to perspective and occlusion. 217
Near-regular textures, however abound in the visual world, and can be approximated as 218 deformed versions of the wallpaper groups [25] . The correspondence between brain dataand group theory demonstrated here may indicate that the visual system represents visual 220 textures using a similar scheme, with the wallpaper groups serving as anchor points in 221 representational space. This framework resembles norm-based encoding strategies that 222 have been proposed for other stimulus classes, most notably faces [26] , and leads to the 223 prediction that adaptation to wallpaper patterns should distort perception of near-regular 224 textures, similar to the aftereffects found for faces [27] . 225
Field biologist have demonstrated that animals respond more strongly to 226 exaggerated versions of a learned stimulus, referred to as "supernormal" stimuli [28] . In 227 the norm-based encoding framework, wallpaper groups can be considered super-textures, 
